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We update our original low-energy constants to the 0{p^) order, including two and three flavours, 
the normal and anomalous ones. Following a comparative analysis, the 0{p‘^) results are considered 
better. In the 0{p^) order, most of our results are consistent or better with those we have found in 
the literature, although several are worse. 
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I. INTRODUCTION 

Chiral perturbation theory(ChPT) is a useful method to solve low-energy mesons interactions. A significant problem 
is to establish the chiral Lagrangian (CL). Until now, the monomials of CL have been obtained to the 0{p^) order 
including both the normal and anomalous parts, two and three flavours, and the special unitary and unitary 
groups. The 0(p^) order monomials seem accurate enough to describe the present experiments. In constrast, the 
coefhcients for each of the monomials, called the low-energy constants (LECs), also play an important role of ChPT. 
Concrete numerical results need them. However ChPT does not provide these LECs, and hence they need to be 
obtained from other theories. Because of non-perturbative effects, exact values for the LECs are hard to obtain, 
especially at the 0{p^) order. At the 0{p‘^) order, although exact results have not been obtained, values from 
different methods are close. Their signs and magnitudes are the same. At the 0{p^) order, there are various methods 
to obtain LECs, the more common ones being resonance chiral theory Bin , sum rules lattice QCD [T^ [l^ 
holographic theory QCD [I^ , and global fit [l^ . Of course, LECs can also be extracted from experimental data. 
Some methods can obtain a value for a single LEC; while others produce values for combinations of LECs. Each 
method has its advantages and disadvantages, but some values do come with large errors because of non-perturbative 
QCD processes. 

Several years ago, values of a few LECs obtained by different methods were scattered in various references. A 
large number of LECs remained unknown in value. To taking advantage of ChPT, LECs are needed for numerical 
calculations. Our motivation was to explore a method to obtain all the LECs in a single calculation. We hoped the 
method would be model-independent, as had been developed from the underlying QCD theory. Nevertheless at that 
time, the theoretical analysis was poor, and we only used simple methods that involved some rough approximations 
[13 Although expedient, preliminary results at least were obtained. 

Civen that the approximations are too rough, the results did yield a gauge-invariant, nonlocal, dynamical-quark 
(GND model) model [2l|. Ref. [l^ details checks of our 0(p®) LECs (CQ via a global fit of the 0{p'^) LECs (LQ to 
the 0(p®) order. The divided by the degrees of freedom (y^/dof) is 4.13/4. If all LECs are multiplied by 0.27, 
X^/dof=1.20/3 and hence the Ci values appeared to be too large. In statistical theory, when dof is large enough (a 
typical choice is dof>30), x^/dof~ 1. However at only 4, the dof is too small and it is not sufficiently large to assess 
the reliability of the calculation by x^/dof. Because of the x^ distribution, x^/dof is also not as small as it should 
be. Furthermore the 0{p^) and 0{p^) LECs are independent. Evaluating the confidence level of the Ci by Li is not 
suitable, especially when dof is small. A more believable assessment can be garnered by comparing experiment data. 
However the absolute values of our Li are too large, and may include some systematic errors in the calculation, such 
as those associated with the large Nc limit. These systematic errors must exist at all orders. With the passing of 


* jsz@gxu.edu.cn 
^ weizhenlong@mail.gxu.cn 
^ chenqs@mail.gxu.cn 

^Corresponding author wangq@mail.tsinghua.edu.cn 



time, it is now the moment improve the 0{p^) LECs. While tedious, these needs to be improved step by step. This 
paper research analyses the origin of the systematic errors and tries to remedy them as precisely as possible. 

This paper is organized as follows: In Sec. m we review our method to obtain the CL from QCD and introduce 
a more precise approximation. In Sec. uni a concrete method to calculate LECs is introduced. In Sec. IlYl we list 
our results for the LECs, both normal and anomalous, up to and including order 0(p®). In Sec. |Vl we compare our 
results with others in the literature, and check for new predictions. Section IVII concludes with a summary. 


II. REVIEW AND IMPROVEMENTS OVER PREVIOUS CALCULATIONS OF LECS 


In a previous work, we obtained the action of the chiral theory in the large Nc limit. Drived from first principles 
QCD, it takes the form [1^ 


= 


-iiVc Trln[*^ + Jq - line] + Nc J + Nc'^ J d'^xi ■ ■ ■ d'^x'^ 

(-*)"(iVeg 2 )"-i 


n—2 ‘ 


• • • , Xn, Od>nc^' {xi,x[) ■ ■ ■ {xn,x'J 


+iNc j d^x tTif{^c{x)[-ism'^^^+j5COS^^^]<i>7cix,x)}, 


( 1 ) 


in which Jn is the external source J including currents and densities after making a Goldstone-field-dependent chiral 
rotation O: 


Jn = [^PR + ^''PL\[J+ i$\[^PR + ^''PL\=i!Q + <f^Ql5- SQ.+ipQ."i5, J = ^ + 5^75 “ s + ip75, t/= . (2) 

where d)nc and line are, respectively, the two-point rotated-quark Green’s functions and the interaction part of 
two-point rotated-quark vertices in the presence of external sources; $nc is defined by 


"^nci-X^y) = ^{i7i{x)'il}^^{y)) == [^{x)Pl+^7x)Pr]'^{.x), (3) 

y) = -'EPP{x)6^{x -y)-^ fd'^xi ■ ■ ■ d'^Xnd'^x[ ■ • ■ d!^x'J^-^ - ^NcQs) 

n=l-' 

(x, y,xi,x[,-- - , Xn, a:n)$n/' ixi,x[) ■ ■ ■ (a:„, (4) 


with subscript c denoting the classical field and tpix) the light quark fields. {xi^Xi, - ■ ■ , x'^) is the effective 

gluon n-point Green’s function and ps is the coupling constant of QCD. The and IIqc are related by the first 
equation of (|3|) and determined by 


[$Oc + S]*^^ + X] y d'^xid'^x'^ ■ • • d'^Xnd 


4 ^ 4 , {-ir+HNcg7^ 


^PPl-Pn ix.y,Xl,X:i_,--- ,Xn,xJ 


X 1 , a;'i) • ■ • (a;„, a:;) = O (—), 


(5) 


where dc is the phase angle of the U{1) factor, and 5c and 5 are two parameters in the calculation, defined by Eqs. 
(21) and (65) in Ref. . In this work, they have little importance and are neglected. Eq. ([5]) is the Schwinger-Dyson 
equation (SDE) in the presence of the rotated external source. In Ref. , we have assumed an approximate solution 
of (O given by 

UZix,y) = [E{vl)rS\x - y), - iv^x) , (6) 

where E is the quark self-energy which satisfies SDE ([5]) with vanishing rotated external source. Under the ladder 
approximation, this SDE in Euclidean space-time is reduced to the standard form 


S(p2) - 3C2(R) 


d'^q as[{p - q7] E(g^) 

dTT^ {p — qY q^ + PP'{q'^) 


(7) 


where as{p^) is the running coupling constant of QCD which depends on Nq and the number of quark flavours, and 
C 2 {R) is the second-order Casimir operator of the quark representation R. In this work, the quarks belonging to the 
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SU{Nc) fundamental representation, and therefore C' 2 (i?) = — l)/2Nc; in the large Nq limit, the second term is 

neglected. 

In our previous article, because of the computational complexity, we did not calculate all terms in Eq. o, but 
introduced some approximations to reduced the last three terms and leave only the hrst. The approximations are 
rough, and the results reproduce those of the GND model [2l|. The last three terms could have introduced some 
systematic errors. The absolute values of the previous results seem too large when compared with others in the 
literature. The purpose of this paper is to remedy these errors partially and produce a more credible result. 

For now, we have no idea how to solve the last term in m and hence omit it,; we shall only focus on the second 
and third terms. The infinite sum in both the third terms in o and the second term in (l4|) appear similar but they 
are not equal. To find the source of the systematic errors and to maintain a manageable calculation we only retain 
the two-point contributions, the terms with n = 2 in © and n = 1 in ©• When we simplify SDE from ((S]) to 
we also include n = 1 in ®. The present approximation and the approximation for SDE are all to first order, 
omitting all higher order contributions; they are then at the same level of accuracy. The other terms describe mesonics 
interactions, which we consider as less important when compared previous terms. The final results will substantiate 
this decision. Hence we shall add an additional effective action, 

AS'eff ~ -Nc J 

~ -^N,TY[{i0 + Jn- S(V'))-^S(V')] 
the approximation of which has been used in ([5]). 

With the same considerations for the anomalous parts, we only calculated the first term in (IT|), although using a 
different method to introduce the fifth dimensional integral (2^. We need not repeat this as the additional effective 
Lagrangian is the same as ®. Therefore, for the present study, we calculate © including both the normal and 
anomalous parts. 


( 8 ) 

(9) 


III. CALCULATION OF THE ADDITIONAL TERMS 

To calculate the additional terms, we first use the Wick rotation to change m to Euclidean spacetime as [l^, , 

and then expand it as a Taylor series, 

A.5eff = -iiVcTr[(D + E(-V'))-iE(-V")] 

= + D + E{{k + iV)2))-iE((fc + zV)^)] 

/ 74 IL 

-^tr[(EfeA + i^X) ^(-1)"[(D + Ei)(SfcX + + fV)")], 

where “Tr” includes the traces over coordinate space, spinor space and flavour space, “tr” includes only the traces 
over spinor and flavour spacec, D = ^ — — sn -b fpnqs, and Ei = S((A: + fV)^) — E(fc^). 

To a given order {0{p^), 0{p'^) or 0{p^)), after the tracing over the spinor space, the series are 

/ m 

d‘^xY,ak{On,k) ( 13 ) 

k=l 



( 10 ) 

( 11 ) 

( 12 ) 


where Uk are coefficients, On,fc are monomials with flavour indices including V^,aQ,sn Pn, and “(...)” means trace 
over flavour space. In (|1© . we have used the basic relations to simplify the results, including trace relations, the 
Einstein summation convention, and for the anomalous terms also including the Schouten identity. Nevertheless, not 
all of the are independent. 

Generally, the number of On,fc is larger than the number of linear independent terms Oi. Specifically, the relationship 
between the two is given by 


(Oi) = J2^ik{On,k), / = 1,2,3,-- - ,M 

k^l 


(14) 
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where M is the number of LECs up to a given order.^ This implies that generally Aik is not a square matrix. The 
reduced row echelon form of Aik is 


Aik Bik 


t 1 Ci2 

V 


O Ci 4 o 

1 C24 o 


1 



(15) 


where the bottom-left corner contains just zero elements wiht O representing a zero matrix of the appropriate dimen¬ 
sion C representing possibly a non-zero matrix and “• • • ” also nonzero matrices. The rank of Aik or Bik is equal to 
the number of independent linear bases with each nonzero row-vector in Bik corresponding to a linear basis in (On). 
We select those On,fe' that are independent, and set Bk'k' = 1 and Bk'k' to be the first non-zero elements in the fc'th 
row in Bik- All dependent O^ k can be replaced by O^ k'- 

Without using the Cayley-Hamilton relations, the LECs Ki for arbitrary Nf flavours are defined as 

/ M „ M m 

d^xY,Ki{Oi)= / d4x^^ifzAife(On.fc)- (16) 

1=1 ;=i fe=i 

In the second equation, we have has used (03 . Comparing (HI and (US, because all the relations in Nf flavours 
have been used the coefficients in front of (On,fc) need to be equal. 

M 

Gk = '^KiAik, = 1,2,3,... m. (17) 

In (IT7I) . there are m equations in M variables with m > M. We select the M independent On,fc' to solve the equations, 
leaving the remaining m — AI equations as constraints. Hence the additional LECs are 

AKi=Y,ak'A-,]. (18) 

k' 

Replacing AKi in (ITT)) , the second equal sign must hold. These the are the constraint equations. 

Finally, using the Cayley-Hamilton relations, all the LECs can be obtained for three and two flavours. 


IV. RESULTS 
A. Order 0{p^) and 0(p'*) 

To the O(p^) order, the additional analytical LECs are 

^ ^ ( 19 ) 

The analytical results in (1191) and the higher order in the following are all set in Euclidean spacetime. A more precise 
result, with all terms on the right hand side of has been given in This is just the Pagels-Stokar formula 

for Eg and also the A —>■ 00 results in our previous work [T^. It seems that only the first term in (H)) is sufficient to 
give the 0{p^) results, the other terms do not contribute at the O(p^) order. In considering the accuracy, we use the 
original results in [I^ at the 0{p^) order. The method described in however, is not easily extendible to higher 
order, and there is no proof that indicates that the other terms in make no contribution to the LECs. Hence at 
higher order, we consider (HSJ. 


^ The building blocks of Oi and Oq are different. Their relations can be found in Table XV in Ref.[T3l 
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At the O(p^) order, the additional analytical results are 


AC 2 

AC 3 


AC'4 

ACs 

ACe 

AC7 

ACs 

ACg 

ACio 

ACii 


(27r)4 








■ d'^k 
' d^k 
' d^k 
• d^fc 
d^fc 


26^2 ,3 

- —^Ix^ 

3 


— StA^ - —T.lX^ 
3 ^ 


■ I + 


y ^ ' 3 




eS^AT^ - 8 St A= 


2 S^A 2 


I ^ -4SfeA2 + 34S3x3-36S5x4 


(27r)4 
• d^fc 

' d^k 


- 3 


9 9 9 

V' V'^ V'2 qv'2v'^ 2 -1^2 v'2 x^S I v'3v'^ 1 oV'4v'^2 x^3 

— — oZj^Zjj^ v\ — “Zj^vA. ~r 772 -;^Zj^^ ~r "2 -/^Zj^ v\ 

- * 00 


_ + ^E^E^^A^ + ^E^A^ 

O 


' (27r)^ L '5 

32Z e6 a5 _ 128? ^s^/2^y5 

3 ^ 3 ^ ^ 


268? ^ 4^,2 v 3 

— AfeEfeA ^ 




d^fc 


- 2 EfeA 2 + 6 E^,A= 


( 20 ) 


The definitions of Ci can be found in Eq. (19) of M , and the relations between Ci and common Li can be found in 
Eq. (24) in 

To obtain numerical results, we use the same quark self-energy E^ as in [isll^ with the running coupling constant 
q;s(p^) of [i^. To complete the integral, two other input parameters are needed. One is Eq, for which we choose 
Fq = 87MeV; the other is a cutoff A which comes from the calculation of the first term in ©• The details can be 
found in [I^ and therefore we have chosen A =1.0)iQ )GeV. The three-flavour numerical results are listed in the second 
row in Table H] Those LECs that depend on A are expressible as 


TA=iGeV 


-i'A=l.lGeV—-i'A=lGeV 
-i/A=0.9GeV—i/A=lGeV 


( 21 ) 


The superscript and subscript indicate how the LECs are sensitive to A. For two flavours, we give the usual li, 
i = l,2,3,4,5,6. 


k 


1 - 


( 22 ) 


where the 7 ? are given in Ref.0. These results are also listed in Table HI 

Comparing the “new” and “old” results in Table HI the new absolute values of Li{li) are, as expected, smaller than 
the older ones, except for (3. For comparison, we also list the other results obtained by different methods: @,0 are 
the first results from experimental data; [ 2 ^ gives the LECs from resonance chiral theory; da gives the LECs from 
a class of holographic theories; dl gives the Li,... ,L^ from the global fit of the 0{p^) LECs, and Lg and Lig are 
given in 0,[^, respectively. These are the usual methods to obtain LECs at present. On the whole, most of the old 
results are larger than the others, but the new results are closer. The only one new result larger than the old one is 
Z 3 , but is also much closer than the older one. Our new results are much closer to the experimental results, and most 
results are within the error uncertainties of the resonance results. Nevertheless they appear a bit far from the results 
from the global fit. One possible reason is that the global-fitted results do not maintain the large Nq limit, but L 4 
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TABLE I: The p‘^ order LECs. Aqcd is in unit of GeV, and Li,. .., Lio, Z 7 are in units 10 ® 


II 

CO 

Aqcd 

Ti 

±2 

Ls 

±4 

Ls 

Lb 

Lr 

Ls 

L 9 


New 

453^12 

u.yz_o.o4 

i.o4_Q_08 

-4.94;°:^^ 

n+O 

'J-o 

i-26lg:E!^ 

A+0 

1 

0 

to 

1 + 

pp 

b b 

01 hfc. 

in 

00 

bb 

1 + 

00 

0 

6.53^“:l^ 

_r ^0 — 0.29 

0.^0+0.44 

1 

0 

453;«2 

-1 90+0.03 
l.Z,0_o.o4 

^•^U_q_o 8 

-6.85;“:^^ 

n+0 

'^-o 

1-481^3 

O+o 

-0 

1 

-L-UZ+o 06 

8.86^“;“^ 

-7 40“°'^® 

/.+U+0.44 

Ref.[^: 


0.9 ±0.3 

1.7 ±0.7 

-4.4 ±2.5 

0±0.5 

2.2 ±0.5 

0±0.3 

-0.4 ±0.15 

1.1 ±0.3 

7.4 ±0.7 

-6.0 ±0.7 

Ref.[^: 


0.4 ±0.3 

1.4 ±0.3 

-3.5 ±1.1 

-0.3 ±0.5 

1.4 ±0.5 

-0.2 ±0.3 

-0.4 ±0.2 

0.9 ±0.3 

6.9 ±0.7 

-5.5 ±0.7 

Ref. [IT]: 


0.5 

1.0 

-3.2 






6.3 

-6.3 

Ref.[l^ 


0.88 ±0.09 

0.61 ±0.20 

-3.04 ±0.43 

0.75 ±0.75 

0.58 ±0.13 

0.29 ± 0.85 

-0.11 ±0.15 

0.18 ±0.18 

5.93 ±4.3 

-4.06 ± 0.39 

Nf=2 

Aqcd 

^1 

h 

h 

h 

h 

h 

h 




New 

465;«2 

9 oq~0.17 
^•00^0.24 

6.85«:;| 

9 qo + 0.28 

Z.OO_o.36 

to 

+- 

1 + 

0 p 

b b 

0 

1 c;c+0.53 

10. JO_0 gQ 

15.60^°:^^ 

n n-i -0.55 

o.Oi+0.80 




1 

0 

465+12 

A 77—0.17 
^ +0.24 

8.0+“;?® 

1 07+0.29 
-•-•y'-0.35 

4 24— 0.01 

4.04_q 02 

1 7 or+0.53 

19.98tg;^^ 

4.18;“:“ “ 




Ref.[^: 


-2.3 ±3.7 

6.0 ± 1.3 

2.9 ±2.4 

4.3 ±0.9 

13.9 ± 1.3 

16.5 ± 1.1 

0(5) 





“There exists a mistake in [T3l for It, this is a correction. 


and Lq have fits that are not very small, the effect of which propagate throughout the calculation and decrease the 
values of other LECs. So far, our calculation remains valid only in the large Nc limit, and therefore they are not very 
closed to the global fit results. 

These observations indicate that our approximation in ([5]) is reasonable. Although we only selected n = 2 in ([T]) 
and n = 1 in o, the tendency is clear. The second and the third terms in (HD carry the systematic error in our 
original calculations. To date Table H] gives the leading order corrections. Hence, we believe that when we extend the 
calculations to the 0(p®) order, the results will be more credible. 


B. Order 0(p®) 

Because our method only applies in the large Nc limit, for simplicity, in the 0{p^) order, we only need to calculate 
the large Nc limit terms. Without the equations of motion, in large Nc limit, the CL is 

68 

^e = Y,KuYn. (23) 

n—1 

These Yn and their relationship to Yi defined in are listed in Table m Kn are some coefficients. 

As for the and p'^ orders, expanding (fT^ to the p® order, with the method in Sec. IIIIl treating as (Oa.fe), 
Yn as {Oi) in (ITCl) . we can obtain the NKi coefficients. We have listed the values in (ED in Appendix [Al The final 
0(p^) LECs are listed in Table Hill 




IGeV 


C'A=l.lGeV —C'A=lGeV 
C'A = 0 . 9 GeV —C'A=lGeV 


CA^lGeV 


CA = l.lGeV—CA = lGeV 


CA = 0 . 9 GeV—CA = lGeV 


Because of the new relation given in Ref. Q, we remove C37 as previously. Unlike the 0{p‘^) order, some absolute 
values of the new LECs are smaller than the old ones, such as Ci and C4; some are almost unchanged, such as C3 
and C12; some are larger than the old ones, such as C32 and C^; and some even change signs, such as C22 and Ceg. 
These arise because of the choice of the independent terms in Q and the complex relations in (ED- 

The calculations are too highly complicated. To avoid possible mistakes, the expansion in (fT^ and most of the other 
calculations are done by computer. To check the correctness of our results, we examined them in various ways. First, 
some terms in Table HIl have two parts, which we calculated separately. C, P, and Hermitian invariance constrains the 
two parts of the coefficient as being equal or with a sign difference. Our analytical results for the separate parts must 
give the same coefficients. Second, if we switch off the quark self-energy, all the LECs, except the contact terms’, 
must vanishfl^. This places a strong restriction on our results. Third, because of the strict constraint conditions in 
(ED, we have 109 — 68 = 41 constraint conditions, with 109 being the number of On in (USD- They also impose strong 
restrictions on our results. With all the above assessments, we are confident of the reliability of our numerical results 
for 0(p®) LECs. 
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TABLE II: y„ and their relations to y. 


n 

Yn 

relations 


n 

Yi 

relations 


1 


+1 


35 

{if+''u^u^uxuv +if+''u^u^u^ux) 

+68 



2 

(h'^^'u^h^^ux) 

+3 


36 


+71 



3 

{h^^u^h^^xUv + h'^''Uvhij,^ux) 

+5 


37 

UTu^f+,.nx) 




4 

(u''u^w‘"u„X+) 

+7 


38 

{/r/+M"^4.UA> 

+75 



5 

{u'^u^u‘'x+Uiy} 

+11 


39 

(/r/+M"«A«.> 

+76 



6 

{x+u'^u''Ufj,u^} 

+13 


40 

U+' f+I^XUu + f+‘'u^f+^L^ux) 

+78 



7 

{x+h'^‘'h^.) 

+17 


41 

{x+/r/+M.> 

+81 



8 

{u'^u^X+X+) 

+19 


42 

{if+''x+Uii.Uu + if!l''u^u^x+) 

+83 



9 

(x+m''X+Mm) 

+23 


43 

(*/+‘"m^X+m*'> 

+85 



10 

{X+X+X+) 

+25 


44 

U-''hv^uxu^ + ft'" Uf_i,u^Kx) 

+86 



11 

{iX-h^''Uf_,Uv + ix-u'^u''hfj,„) 

+28 


45 

{f-''Uf,hv^ux + f^''u^KxUf,) 

+89 



12 

{h\h>^''u^u, + h\u>^u-'h^,) 

+28 - 1^+30 


46 

{u^u^r-f.,x) 

+90 



13 

(ih^'^Ufj.X-u^) 

+31 


47 

{r-u^f-^.ux) 

+92 



14 

{h^'" Uf_ih^ xUv) 

+31 - 1^+30 


48 

{f-'' f-li^U^Ux) 

+94 



15 

(u'^u^X-X-) 

+33 


49 

if'l'' f-^^uxu^) 

+95 



16 

{iu^u^h'' ,,X- + iu^Ui_,X-h'' v) 

-2+33 + l|^+34 


50 


+97 



17 

{u>^u^h%h\) 

-’^33 + llj+34 - 

1#>^36 

51 


+100 



18 

{u^X-Uf,X-) 

+37 


52 

(i/r/_//_^A - i/7/_//_.A> 

+101 



19 

(iu^h''vU^X-) 

-^37 + j^+34 


53 

{x+fH-^M 

+102 



20 

{u>^h%u^h\) 

-+37 + 1^+34 - 

%>^36 

54 

(/f/_^.x--/rx-/-M.> 

+104 



21 

(X-X-X+) 

+39 


55 


-+104 



22 

(i/i'"^X-X+ + *^''mX+X-) 

-2+39 + l|^+41 


56 

{if^'^X-U^u,, - if‘t''uij.u^,x-) 

+105 



23 

(h%h%x+) 

-’^39 + 1^+41 - 

%^42 

57 

{f^'^h^xUij.Uv - ft^'u^u^h^x) 

+105 



24 

{iX-X+Uu. + iX-U^X+i^) 

+43 

58 

{f^'^X+i^u^ + f-''u^X+n) 

+107 



25 

(/i‘'„X+Wm + h''^u‘^x+p) 

+43 - 1^+44 


59 

(vrr-^v^f-.x) 

+109 



26 

(x+x+^) 

+47 


60 

{iF7^fl''Kxu^ - iV^f^'^u^Kx) 

+110 



27 

{u‘^U^u''UvU^Ux) 

+49 


61 


a) +111 



28 

(u'^U^U^U^UxUv) 

+52 


62 

{iF7>^ f+^''K^ux - f+^''u^Kx) 

+112 



29 

{u‘^u^u''u^u^ux) 

+54 


63 

{iX^.V^h%) 

ZF 



30 

{u^u^u^u^u^ux) 

+58 


64 


Z 2 '’ 



31 

{u^u''u^Ufji,UxUi,) 

+60 


65 

Ut''u^X-. + r+x-^u,) 

Z3‘^ 



32 

{if+''u^uxu^u„ + ifX''u^u^u^ux) 

+64 


66 

{X-X-I^} 

(2.15) 

in 


33 

{if+''u^Uij,u^ux) 

+66 


67 

(i/r/+.V+MA> 

(2.15) 

in 


34 

{if+''Ufj,u^uxUv) 

+67 


68 

(V'‘/fV^/+.A) 

(2.15) 

in 

[a 

‘Zi -- 

’Z2 -- 

= -§yi9 - §+23 + 1^+24 - §+33 + ,^+34 - §+37 - §+39 + 

= -§+19 - §+23 + 1^+24 - +33 + 1^+34 - +37 - +39 + 1^+41 ' 

+41 

1 

- ITj 

- 5^+42 + §+43 - 1^+44 + ^+46 - +47 + 4+113 
-+42 + +43 - 1^+44 + ^+46 - +47 + 4+113 



= — 166—^67 + ^68 + f +71 — ^ 173 + 1+5 — 2176 + 5+78 — § 183—185 + 1190 — §192 —+ 94 + §+97 — § + 100 + §+101 — §+ Io 4 ++110 ++112 


Our choice Fq = 87 MeV is the leading order value of . The relation between Fq and F^r is given in Ref. [2^ to the 
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0{p^) order. With our results listed in Tables HI and lllli the nnmerical results to the 0(p®) order yield Jljr = 92.76to'o6 
MeV. Comparing with the previous result = 92.the new result is a bit closer to that in PDG2014 [2^ 
Ftt = 92.21 MeV. From this point of view, the additional terms in ® improve the results slightly. 


TABLE III: The p® order LECs. They are in units of 10"® GeV^ The 
value = 0 means that the LECs vanish at the lagre Nc limit. 


i 

new Ci 

old Ci 

j 

new Cj 

old Cj 

i 

new Ci 

old Ci j 

new Cj 

old Cj 

1 


Q 7 Q+O.IO 
0 .1 ^-0,17 

1 

3.041^2 

3.58in^ 

46 

— 1 

-*-•^'+0.09 

-O. 6 O;?:?? 26 

-4.82;?:?? 

_1 14 - 0.05 
-*-•-*-^+0.07 

2 

= 0 

= 0 




47 

4 10+0.09 

O.lU_0.i5 

0 . 081 ?:?? 



3 

-0.05t°;®l 

-o.o5l®:°i 

2 

-0.09t°+ 

-0.03l°+ 

48 

' ^-0.17 

3.411?:?? 



4 

9 1 q+0.06 

^•-LO_q 20 

3-101^5 

3 

9 1 cc+O.OO 
^•lU- 0.10 

2.89in^ 

49 

= 0 

= 0 



5 

1 90 +O.IO 
-L-^o_o.i3 

J--Ul_ 0 .li 

4 

A 09 — 0.04 

U.O^^Q Q 3 


50 

10.541?:®® 

8 . 71 I?:?? 27 

16.701?:?? 

13.571?:?? 

6 

= 0 

= 0 




51 

-9.831?:®? 

-11.491?:?? 28 

c Cl + 1.22 

U-Ui_i.62 

0.931?-®? 

7 

= 0 

= 0 




52 

- 6 . 39 ;?:?^ 

O.U 4+0 93 



8 

2 

'^•-‘-^+0.16 

9 qi —0.16 
'^•'i^+O.lS 




53 

_5 4(5-0.71 

-11.98;?:®? 29 

- 4 . 77 ;?:?? 

- 11 . 01 ;?:®? 

9 

= 0 

= 0 




54 

= 0 

= 0 



10 

U.OO_0.06 

— 1 

i.UJ_o.o9 

5 

- 0 . 681^6 

-0.981^9 

55 

10.451?:?? 

16.791?:?? 30 

9.861?:?? 

15.721?:?? 

11 

= 0 

= 0 




56 

4.451?:?? 

19.341?:?? 31 

q 9 Y — 0.04 
O.Z ( _0.07 

1 7 57+‘^-^2 

J -1 -Q < -0.82 

12 

-0.34l0;°l 

—0 ^ 4 + 0-02 
U.O4_0.0l 

6 

— n 45+0 02 
u.oo_o.oi 

-0.33l°:®i 

57 

4 72+1'^® 

^ ^-1.85 

7 . 92 I?:?? 32 

4 24+^'^^ 
4.Z4-i_78 

7 1 Q+1.28 

7.iO_i 76 

13 

= 0 

= 0 




58 

= 0 

= 0 



14 

-0.87l°it 

-0.83l®+ 

7 

1 qq+ 0.25 
— i.5o_o.35 

1 79+0.25 
-*-• '^-0.35 

59 

- 14 . 59 ;?:?? 

- 22 . 49 ;?:?? 33 

-13.69;?:?? 

Zl.iy_,_i 76 

15 

= 0 

= 0 

8 

0 QI -0.11 
'^•^-‘-+0.13 

o. 86 ;°:J® 

60 

= 0 

= 0 



16 

= 0 

= 0 




61 

^•^^+ 0.22 

2.88;?:?? 34 

Z.4U^0.22 

2.84;?:?? 

17 

n 1 7 + 0.01 
u.l ( _0.04 

o.oiiHl 

9 

-0.74l®:« 

-0.84l®;i? 

62 

= 0 

= 0 



18 

U.DU_0.09 

-0.56in? 




63 

2.48;?:?? 

-^•^^+0.30 



19 

A 97+0.09 
-0.13 

-0.48in^ 

10 

-0.22t°o°l 

-0.37tno 

64 

= 0 

= 0 



20 

o.i7;n3 

o.i 8 ;ni 

11 

= 0 

= 0 

65 

9 09 +O.I 8 

Z.OZ_o .20 

-2.431?:?? 35 

2.16;?:?? 

3.39;?:?? 

21 

-0.06t°;®l 

-0.06l®:°i 




66 

0 . 80 I?:?? 

1.711?:?? 36 

0 . 80 I?:?? 

1 C 7 +O.O 6 

J-.Q/ - 0.10 

22 

—n ‘^ 5 + 0-20 

U.OO_o.26 

' -0.25 

12 

—0 41 + 0.20 
^‘^-*--0.26 

0 1 5+0.18 
U.iO_Q 24 

67 

= 0 

= 0 



23 

= 0 

= 0 




68 

= 0 

= 0 



24 

0.87t®:°= 

i.uz_o.07 




69 

n 52+^ °° 

u.jz_o.oi 

-0.86;?:?? 38 

0 . 60 I?:?? 

- 0 . 68 ;?:?® 

25 

-3.03;°« 

r. qq- 0.49 
U.yo^O.72 

13 

_4 02 “°'^® 
'i’^^+0.56 

_5 4 Q- 0.45 

Q-Q^+ 0.66 

70 

-L-UU+O.ll 

1 7 q- 0.08 qq 

1 54 - 0.12 
J--Q'J+ 0.12 

1 SI —0.08 
J--O1+0.07 

26 

9 7.1 +0.35 
^ -*--0.54 

q Qc;+0-29 
O.OO_0.47 

14 

q qA+0.36 
o.oy_o.56 

4 1 7+0.30 
-0.49 

71 

= 0 

= 0 



27 

1 qc::+0.13 
i.OO_o.i5 

-1.54+i® 

15 

-2.39l®i® 

9 71 + 0.21 
' 1--0.25 

72 

-1.801?:?? 

-3.301?:?? 40 

-i.64l?:?| 

q 1 7 + 0.05 

O-J -1 - 0.02 

28 

0 . 181 H? 

0.301H1 




73 

0.151?:?? 

0.501?:?? 41 

0.071?:?? 

0 40+0-42 

U.OU_Q 54 

29 

u.yy^_o.24 

q 

O.UO^O.32 

16 

-0.60;°:'? 

9 99 — 0.22 
— Z.ZZ^Q 27 

74 

— 4 44“*^-^^ 
0.04^0.19 

- 5 . 07 ;?:?? 42 

o.ZO^0.17 

—4 74“0.i4 
+• '++0.24 

30 

0.37l®:°i 

o. 6 ol®:°l 




75 

= 0 

= 0 



31 

-o.46t°:;j 

U.OO_o.o9 

17 

-0.92l°;« 

l-lU-0.19 

76 

1 1 c;—0.26 
J--1O+0.34 

- 1 . 44 ;?:?? 43 

-l-ll+as 

— 1 

-*-•^^+0.30 

32 

n 1 7 - 0.02 
• +0.03 

A 1 q —0.03 
U.iO+o.04 

18 

U.4Z+0.08 

0 44 - 0.07 

U.4^+0.08 

77 

= 0 

= 0 



33 

—0 05 - 0.02 
U.UO+0.05 

u.uy^0.03 

19 

u.^y+0.13 

0 41 -0.06 
^•^-‘-+ 0.10 

78 

Q qq+0.80 

O.OZ_^ 21 

17.511?:?? 44 

8.191?:?? 

16 . 161 ?:?? 

34 

U. 00 ^ 0 .29 

i-uy+o.i7 

20 

0 74 - 0.18 
' ^+0.28 

J--QU^0.17 

79 

5.86;?:?? 

-0.56;?:?? 45 

u.uy+ 0.11 

0.26;?:?? 

35 

*^•-*-^+ 0.12 

0 1 7 - 0.12 
'J'-*-' +0.17 

21 

0 00-0.14 
U.^^+0.19 

U.zy^o.24 

80 

1 . 01 ;?:?? 

0.87;?:?? 46 

i.uy+0.05 

A qc—0.04 

U.OO_|_o .02 

36 

= 0 

= 0 




81 

= 0 

= 0 
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i 

new Ci 

old Ci 

j 

new Cj 

old Cj 

i 

new Ci 

old Ci 

3 

new Cj 

old Cj 

37 

U.OU_0.09 

-0.56tn? 




82 

^•00+0.38 

7 1 — 0.32 

' •-‘-'^+0.51 

47 

^•^'^+ 0.35 

—6 73“0'20 
''^+ 0.47 

38 

U.4/+0.02 


22 

1 97+0.19 
' -0.26 

1 09 + 0.18 
1.0Z_o.25 

83 

' ^- 0.22 

0.071“;"° 

48 

— 1 71+017 
-*-• ' -*-- 0.21 

—0 

U.ZZ_Q 25 

39 

= 0 

= 0 

23 

n Q 1 -0.11 
'^•^-‘-+0.13 

0 . 86 ;°+ 

84 

= 0 

= 0 




40 


U.OJ^Q 32 

24 

U.UU+Q 03 


85 

-0.961^3 

-0.82ini 

49 

— 1 07+0-*^^ 
1-U/-0.04 

n 7Q+0.03 
— U. /^O_o.oi 

41 

= 0 

= 0 




86 

= 0 

= 0 




42 

i.OO_Q Qg 

0 

0 

+ 1 

0 0 
b b 
0 0 




87 

4 70+0.29 
' ^-0.46 

7 r7+0.37 
' ' -0.60 

50 

4 oc+0.26 
+.OO_0.42 

7 1 Q+0.34 
^•1^-0.55 

43 

= 0 

= 0 




88 

-*-•0^+0.93 

-5.47;?:^° 

51 

-l36;S:89 

. or-0.69 

4 . 00 + 0.97 

44 

1 7Q+007 
1 . 1 o_o.i4 

fi 09 + 0.20 
U.OZ_0.36 

25 

4.88l“if 

6.03i;):i® 

89 

17.27^1:11 

34.74li;«i 

52 

15.84+°° 

32.191+? 

45 

= 0 

= 0 




90 

r\ 09 —0.44 
^•'^^+0.55 

2.44;°:°« 

53 

9 90 — 0.44 

^•^0+0.55 

9 51 -0.37 

^•Ol,o.46 


C. Anomaly 

Following the same procedures as for the normal parts, the anomalous LECs can also be revised. The O(p^) CL 
are Wess-Zumino terms, that had been obtained from the first term in O [13,0. The additional terms in ([§]) must 
vanish to the O(p^) order., thereby imposing another requirement. We checked our calculations and verified this 
requirement. From another point of view, we checked that the terms with n = 2 in o and n = 1 in o were suitable. 

To the 0{p^) order, without the equations of motion, in the large Nc limit, the n-flavor CL is 

23 

x"' = E^b“'or, (24) 

n—1 


These Ojf" and their relations with OY in Ref. Q are listed in Table VI in Ref. [13]. The analytical results for AKY 
are listed in (IBII) in Appendix [BJ CY CY and c]^ vanish in the large Nc limit. The nonzero numerical results are 
listed in the second column in Table IIVI for three flavors and in the second row in Table El for two flavours. 


r<w 

^A=lGeV 


^A=l.lGeV~^A=lGeV 


nw 

^A=0.9GeV 


_r'W 

^A=lGeV 


^A^lGeV 


W _ W 

^A=l.lGeV ^A=lGeV 

w w 

‘^A=0.9GeV~^A=lGeV 


V. COMPARISONS 

In this section, we shall gather the LECs to the 0(p®) order given in the literature to provide a means to assess 
our new results. It is just only an update of [T3| but also includes some new results. Usually, these LECs are given 
as dimensionless parameters with the convention of C]_= OEg or c[ = CiF^ . The following values of the physical 
constants come from the central values of PDG2014 [^ . 

m^± = 139.570I8MeV, m^o = I34.9766MeV, = 92.21MeV, mK± = 493.677MeV. (25) 

Some of these values are needed in certain parts of the calculations. 


A. TTTT and nK scattering 

In TTTT scattering there exist six additional constants, r’’, i = I, 2, 3,4, 5, 6 . Their relationship to LECs can be found 
in Eg. (5.3) in [s^. Ref. [s^ also gives their values obtained using two theoretical methods, resonance-saturation 
(RS)[331 and pure dimensional analysis (ND) which only accounts for the order of magnitude. Ref. [43,[4l| also give 
the r[ parameters, all of which are listed in Table. ED Our new ^ q only change slightly, the error bars from the 
references being also small. They are nonetheless in good agreement. However, in the references, 2 3 have large 
error bars, and hence our new results can potentially change signs. 
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TABLE IV: The nonzero values of the p® order anomalous LECs C ]^ in three flavors. They are in units of 10 ® GeV 
The forth column to the eighth column contain the results given in [3ll| : (I)-ChPT, (II)-VMD, (III)-ChPT (extrapolation), 
(IV)-CQM, (V)-CQM (extrapolation). 


n 

new 

old [ 2 ^ 

(i)[^ 

(II) [3^ 

(III)[^ 

(IV)[3]J 

(V)[3^ 

[17] 

[32-^ 

1 

z.yu_o.69 

A 07 + 0 .t)t) 

< -0.79 








2 

— 1 7Q+0-09 . 
-L- ‘ ^- 0.11 

— 1 4 q+ 0-10 
1 .^ 0 _o.i 2 

-0.32 ± 10.4 


0.78 ± 12.7 

4.96 ± 9.70 

-0.074 ± 13.3 



4 


-0.96^°:f9 

0.28 ±9.19 


0.67 ± 10.9 

6.32 ±6.09 

-0.55 ±9.05 



5 

1.56+°-2® 

3.26+°i^ 

28.5 ± 28.83 


9.38 ± 152.2 

33.05 ± 28.66 

34.51 ±41.13 



6 

A 79 + 0.02 

U. i ^-0.04 









7 

Z.UZ_|_Q 29 


0.013 ± 1.17 



0.51 ±0.06 



0.1 ± 1.2 




20.3 ±18.7 






1 . 0 “ 










0.35 ±0.07 

8 

e.oz_Q Q 3 

02 

0.76 ±0.18 






0.58 ±0.20 










5.0“ 

9 

-| 91 — 0.03 
-^•^-*-+ 0.02 

i-i5;o:o3 








10 

^•-*-^+ 0.01 

-0.18^1 








11 

— 1 . 
0.09 

1 1 r+0.08 
0.10 

-6.37 ±4.54 



-0.00143 ± 0.03 



0.68 ± 0.21 

12 

-4.05;°:2o ■ 

1O-0.15 

^■-10+0.25 






- 2.1 


13 

-6.8i;o°.3^° ■ 

— fi ‘^7-0-18 
e.o< +0.31 

-74.09 ± 55.89 

- 20.00 

-8.44 ± 69.9 

14.15 ± 15.22 

-7.46 ± 19.62 

00 

bo 


14 

-2.487°:?2" ■ 

^■UU , 0.10 

29.99 ±11.14 

- 6.01 

0.72 ±15.3 

10.23 ± 7.56 

-0.58 ±9.77 

- 1.3 


15 

9 qc-l-O.O? 
Z.OO_0.11 

4 i 7 ?o.i 2 

0.20 

-25.3 ± 23.93 

2.00 

-3.10 ±28.6 

19.70 ± 7.49 

8.89 ± 9.72 

4.4 


16 

1 7Q+0.05 

4 . i y_o .09 

q CO + O.IO 

0 . JO_Q 1^7 






- 0.2 


17 


1 . 98 ^Ho 






- 0.1 


19 


0.29^ni 






- 7.0 


20 

— 1 02“°’^^ 

1 09 + 0.05 

1.0Z_Q Qg 






- 0.4 


21 

011 -I- 0.09 
'^•-‘--‘-- 0.15 

2.48^H2 






2.6 


22 

4 .. 72 +_ l\l 

O.Ul_o 24 

6.52 ±0.78 

8.01 


3.94 ± 0.43 


7.9 

5.4 ±0.8 




5.07 ±0.71 



3.94 ± 0.43 



6.71,6.21,4.45® 

23 

2.80t°°® 

9 7^+0. 08 

<^- 0.13 






0.9 



“ This result is just the absolute value given in f35| . 
® These result are in by different inputs. 


TABLE V: The nonzero values of the p® order anomalous LECs in two flavors. They are in units of 10 ® GeV ^. 



w 

W 

w 

w 

W 

w 

W 


W 

w 

W 

W 


Cl 

C 2 

C 3 

C 4 

C 5 

ce 

C 7 

C 8 

cg 

ClO 

Cll 

Cl3 

new 

1 01 +0.09 
-L-oi_o 11 

— 1 fil 

q fil -0.19 
'^•^-‘-+ 0.22 

0 
bo 
0 
+ 1 

p p 

b b 

-L."±U_o 09 

n co+0.26 

U.<JZ_o 35 

—0 41 
'^•^-‘-+ 0.02 


n 4 Q+ 0.18 
'j."±y_o.3o 

—6 1 

^•-‘-'^+0.29 

4.63^°:'® 

_Q oc-0.26 

y-^O+0.43 

old [20] 

i.4D o,i2 

1 9r+0.09 

^.yD+0.25 

D flQ —0.04 
^•O>J+0.05 

1 1 ^7+0.08 
- 0.10 

0 77+°-26 

'J- ‘ ‘ -0.36 

1 

0 

0 

+ 1 

0 0 
b b 
0 0 

0 .02iHl] 

Q 1 q+ 0.23 
o.iy o.38 

Q —0.24 

‘ 'J+0.41 

4.85i“i| 

1 

0 

- 1 - 1 

p 0 

b 


Furthermore, Ref. [i^ introduces some coefficients, such as cJq, Cq^, cj*Q, in ttK Scattering. Table IVTIl lists all these 
coefficients and some LECs which were obtained in Ref. from different models. Whereas the new results on the 
left-hand side of Table IVlIl are smaller and approach their results, results on the right-hand side of of Table IVlIl seem 
worse. This may be because of propagation errors from the complex relations between and Ci. 


B. Form factors 

Ref. [ 3 ^ also estimates the expressions of the vector form factor, the scalar form factor, two form factors of 
7r(p) ^ ev^{q) with LECs, and [^, |^ give some LECs using measurements of the pion scalar form factor, K 13 and 
the ttK form factors. Ref. gives one form factor from TTTr-scattering. All of them are listed in Table IVIIII Ref. 
[ 4 ^ extrapolates the lattice data on the scalar Ktt form factor to obtain some LECs; the results are listed in Table 
IIXI Two of these results, rg 2 “^^12 + ^34 > seem better, as their signs have been changed. 

Eurthermore in Eigdl we compare the experimental data for the vector form factors collected in Figure 4 

and 5 in with our old and new results. In obtaining our numerical predictions, we have exploited the formula 
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TABLE VI: The obtained values for the combinations of the p® order LECs from tttt scattering and our work. The coefficients 
in the table are in units of 10 ”"^. 









Cl 

C 2 

C 3 

C 4 

C 5 Cg 

RS in Ref. [3^ 

- 0.6 

1.3 

-1.7 

- 1.0 

1.1 0.3 

ND in Ref. [3^ 

80 

40 

20 

3 

6 2 

set C (n=5)[^ 

-14± 17± 3 

22 ± 16 ± 4 

-3± 1±3 

-0.22 ±0.13 ±0.05 

0.9 ±0.1 ±0.5 0.25 ±0.01 ±0.05 

set C (n=3)[^ 

-20± 17±3 

7± 10±4 

-4±1±3 

0.13 ±0.13 ±0.05 

0.9 ±0.1 ±0.5 0.25 ±0.01 ±0.05 

Ref. 


18 

0.9 

-1.9 


01d[18] 

—Q 

8.93l®i? 

-3.06;?:?! 


n 0'7+0-04 p. ^q+0.02 

U.O/_0.06 ^•^'^-0.03 

new 

n n-2-50 


L03+®:®® 

-0.63t°oil 

n q' 7+0.02 p. QQ+0-01 

U.O/^0.04 ^*^ 0 - 0.02 


TABLE VII: The obtained values for the combinations of the p® order LECs from ttK scattering and our work. The LECs in 
the l.h.s. of the table are in units of 10 “‘^GeV“^. 


Cl+4(^3 Ca C 4 + 3 C 3 C 1 + 4 C 3 + 2 C 2 


input cJo,cJi,C 2 o 

20.7 ±4.9 

-9.2 ±4.9 

9.9 ± 2.5 

2.3 ± 10.8 





input c^oTnToi 

28.1 ±4.9 

-7.4 ±4.9 

21.0 ± 2.5 

13.4 ± 10.8 

Dispersive 

0.024 ± 0.006 

2.07 ± 0.10 

0.31 ± 0.01 

TTTT amplitude 



23.5 ± 2.3 

18.8 ±7.2 





Resonance model 

7.2 

-0.5 

10.0 

6.2 

Resonance model 0.003 

3.8 

0.09 

Old [18] 

35.9l^;? 

0 0 

6 d 

+ 1 

0 

0 

29.511:1 

35.9tl:l 

Old [1^ 

U.UUO_,_0.003 

U.iOb^_Q 273 

0.0201^50 

New 

27.8tli 

0 0 

d d 

+ 1 

q 

0 

19.8t1-j 

27.811:1 

New 

U.U10,o.o02 

—0 474+^'^'^^ 

-0.0821®:°!? 


given by Eq.(3.16) in [H] which especially depends on 0(p®) LECs through Vy^ and r ^2 defined in [s^, and we input 
the formula with the old and new O(p^) and 0(p®) LECs. 

From FiglTJ we see that at both 0{p'^) and 0(p®), for the space-like form factors, the new line is higher than the old 
ones, whereas for the time-like form factors, the new line are lower than old ones. The new results are slightly worse 
than the old ones. Nevertheless, considering the experimental errors, they are all consistent with the experimental 
data. 


TABLE VIII: The obtained values for the combinations of the p® order LECs appear in vector and scalar form factor of pion. 
the coefficients in the table are in units of 10 “"*. 


New 

01 d[]J 

Ref.[^ 


New 

01 d[]J 

Ref. [3^ Ref. [4^ 


New 

01 d[l^ 

Ref. [3^ 

Tyi -L-On_o.4i 

rV2 -*-’^-^- 0.10 

9 1 o+0'30 

^•-LO_q 39 

9 90 + 0.10 
z.z,o o.i 6 

-2.5 

2.6 

+2 

+3 

U.OD^Q QO 

0 21 

Q Qy+O.OS 

'J-U/_o.o 8 

^•^*^+ 0.01 

-0.3 1±4±1 

0.6 

Cai 

CA2 

1 29+'^'^^ 

06 

' ^+ 0.10 

1 14+007 
-L'J-^-O.OO 

n QQ—0-06 

u.oo^O 08 

-0.5 

1.1 



New 

oidyj 

Ref. [4^ 


New 

01d[]J 

Ref. [4^ 

/^r 

^12 

-0.026l?:“l 

-0.026l?-°?l 

-0.1 

/~ir 

O12 

-0.026l?'°l!l 

-0.026l?-°?l 

(0.3 ±5.4) X 10"° 

2 CI 2 + CJ4 

-o.ooiy®:®!! 

0.068;®:°°® 

-0.10 ±0.17 

/^r 1 /^r 

^12~r O34 

0.025;°:°1? 

0.094;°:°oi 

(3.2 ± 1.5) X 10"^ 
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TABLE IX: The LECs come from extrapolating the lattice data on the scalar Ktt form factor. They are in units of 10 "^GeV 


C12 

C34 

Cl4 

2Ci7 

Ref. [4^ 5.74 ±0.95 
01d[l^ -0.34+®;°! 
New -0.34l°;°i 

1.07 ±0.96 

r.oy_|_o.i7 

U.OO^Q 29 

0.71 ± 1.42 

-0.83i®;l= 

-0.871“:!^ 

1.92 ± 3.36 

U.UO_o Q2 

Q oc+0.03 

U.OO Q Qg 




FIG. 1: The space like and time like data for the vector form factor with the old and new results. 


C. Photon-photon collisions 


Ref. 


introduce some parameters by 77 —>■ and 77 ^ tt+tt . These parameters are also all related to 


LECs. They are listed in Table [X] These results are nearly unchanged, with and 6 ’' still having opposite signs. 


TABLE X: The obtained values for the combinations of the p® order LEGs appear in photon-photon collisions. 


New 


01d|jJ Ref.[^ 


New 


01d|jJ Ref.[^ 


al 

_Q 1 c-O.SS 
^•-*-^+1.17 

— ^ f;c;“0.9i 

-14 ±5 

aE 

— ^ 4(S“0 i2 
0.40 _,_o.o7 

-5.86;®1^ 

-3.2 

aE 

04+0-03 

0 7Q+0.02 

0 .1 ^-0,05 

7±3 

aE 

1 70 — 0.09 
— i. ( O_|_o.i6 

-0.98;®?2 

0.7 

b’" 

1 O'y+o.oe 
J--0/ o.io 

1 6(S+0-05 

i.OO Q 09 

3± 1 

¥ 

—0 

U.ZU|o.02 

—0 22“0 01 
U.4iO|o.o2 

0.4 


D. Radiative pion decay 

Ref. gives a group of LECs to the 0{p^) order. They are listed in Table IXll Most of the new results are fitted 
better than the old ones, with the exception of Cgg. 
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TABLE XI: The obtained values for the combinations of the p® order LECs from pion radiative decay and our work. The 
coefficients in the table are in units of 10~®. 



/^r 

^12 

/-ir 

/-tr 

^61 

^-^62 

c\/-ir /^r 

Z063 — ^65 

/^r 

^64 

Ref.[32 

-0.6 ±0.3 

0±0.2 

1.0 ±0.3 

0±0.2 

1.8 ±0.7 

0±0.2 

01d[18] 

—0 

0 

'-^•'^-0.0 

9 1 R~0.17 
^•^°+0.20 

o'-o'-o.o 

6 45“0.42 

'0-'4D^0.56 

u.u_o.o 

New 

—0 

01 

u.uu^o.oo 

1 QO~0.14 
4.00^0.17 

u.uu^o.oo 

0'-®y+0.53 

u.uu^o.oo 


/^r 

^78 

^80 

/-tr 

^81 

^82 

/^r 

^87 

/^r 

^88 

Ref.[^ 

10.0 ±3.0 

1.8 ±0.4 

0±0.2 

-3.5 ± 1.0 

3.6 ±1.0 

-3.5 ±1.0 

01d[18] 


U.00^0 02 

'-'.U_o 0 

u.oy_|_o.39 

r. 70+0.28 
' '4-0.45 

_4 14-0.55 
^•-*-^+0.78 

New 

6.681°:®? 

0 77-0 04 
O'-' '+0.03 

U.UU,o.oo 

— 47~0.18 
'4-0:'|o.29 

q /::>q+0.22 
O.UO o.35 

1 OQ —0.52 
^•^®+0.70 


E. holography 

Ref. da gives almost all LECs without scalar and pseudoscalar fields in the large Nq limit from a class of 
holographic theories, the results are listed in Table IXlIl The new results still produce some large differences in these 
LECs, but some LECs retain the same sign, such as Ceg and Crg — ^Cqq. Some differences may come from the error 
associated with Cgo, the source of which needs to be further checked. 


TABLE XII: The p® order LECs from Cosh holographic models and our work. They are in units of 10 ®GeV ^. 



Cl 

Cs 

C 4 

C 40 

C 42 

C 44 

C 46 

C 47 

Ref. [IT] 

-0.3 

0.3 

0 

0.2 

2.2 

-5.5 

-3.2 

6.2 

01d[l^ 

3.79l°'i° 

-o.o5l°:°? 

O.iu_o.i5 

— 6 . 35 ^? 3 ? 

U.DU_|_o.oo 

^ q 9 + 0.20 
U.OZ_o.36 

U.DU^0.04 

0.081°:?? 

New 

2.98l°:°I 

-o.o5l°:°? 

9 1 q+0.06 

^•io o.io 

-4.98;°:?? 

1 528+0-03 

i.OO o.o6 

1 7q+0.07 
-*-• ' 'J-0.14 

— 1 B7“0.05 
-*-•'-"+0.09 

3.101°:?? 


C 48 

C 50 ± Cgo 

C 51 ± Cgo 

C 52 — Cgo 

C 53 — ^Cgo 

C 55 ± ^Cgo 

C 56 — Cgo 

C 57 ± 2 C 90 

Ref. [IT] 

5.8 

19.1 

5.2 

- 11.6 

- 8.8 

16.7 

7.1 

17.2 

01 d[l^ 

3.411?:?® 

ll. 10 _o .66 

y-O^+0.38 

'^•40^0.47 

— 18 21 “*^'®® 
I'^-'^i + l.lO 

I8.OII?:?? 

16.891?:?? 

12 . 801 ?:?? 

New 

4.741°:?° 

12 . 861 °:?® 

-7.50;°,i? 

Q '71 —0.33 
“O- '^J^+0.53 

— fi 59~0.49 
U.OZ,o.78 

II. 6 II?:?? 

9 n q+0.47 

^.lO o.73 

9.361°:?? 


C 59 — ^Cgo 

Cee 

Ceg 

C 70 — ^Cgo 

C 72 ± ^Cgo 

C 73 ± Cgo 

C 74 

C 76 — ^Cgo 

Ref. [IT] 

- 20.1 

-0.3 

0.3 

5.3 

-4.7 

-4.4 

-19.0 

11.1 

01 d[l^ 

—28 71 

zo. i J-_|.i .66 

1 71 +0.07 
-*-•' -*-- 0.12 

-0.86;?:?? 

0.511?:?? 

9 n8~0.14 
z.uo_|_o.23 

2.941?:?? 

— r r.y-0.16 

'-'•'-"+0.27 

—2 

z.uu_|_0.08 

New 

— 1 ^ 7c^-0.79 
10 . i 0^1 28 

o. 8 ol°:°? 

n 59 + 0.00 
U.OZ 0.01 

0.491°:?? 

U.O+,o.i 6 

2.48l°:°? 

— 8 84“*^'^^ 
9.O++0.19 

9 Q1 —0.04 
^.01+0.07 


Crs ± ICgo 

C 79 — ^Cgo 

CsT 

Css — Cgo 

Csg 




Ref. [IT] 

16.1 

4.1 

6.8 

-5.2 

29.2 




01 d[l^ 

18.741?:?? 

-b78i?:l? 

7 p;7+0.37 

'•O<_o.60 

—7 91 

' *^-*-+0.57 

34.741?:?? 




New 

Q QQ+0.58 
y.yy 0.93 

4.701?:?? 

4 70 + 0.29 
'^-0.46 

—4 01 

+•^-*-+0.38 

17.271?:?? 





F. Other results 

Aside from the above results, there are more LECs given using these different method. Most of them are from 
resonance approximations, but our results do not rely on the assumption of the presence of resonances. In this 
subsection, we list the values we gathered from the literature and compare with ours. 
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Table IXIIII lists some LECs from resonance estimates in [T^ ; Table IXIVI lists other resonance-estimated LECs in 
0 ; Table IXVI lists the LECs from sum rules in 0; Cgy values were obtained from many references, and are listed 
Table IXVIl the other LECs obtained from different models in different references are listed in Table IXVIIl Except 
for C [4 -I- C [5 in Table IXVlIi all the LECs retain their signs and the same orders of magnitudes, and almost all new 
results are in closer correspondence with others. 

In Table IXVlIIl we checked the relations for the large Nq limit given in Ref. [s^. 

C20 = —3(721 = C32 = cC'35, C24 = 6(728 = 3(730 • (26) 

6 

Because we only calculate a part of the large-fV’c' expression in o, not all of the LECs satisfy the relations. 

For the anomalous parts, we collect the results in Table IlYl The anomalous results are less than the normal ones, 
and the differences between each are slightly larger than the normal ones. 


TABLE XIII: The obtained values for the p® order LECs in Ref. [T2] and our works They are in units of 10 ® GeV 



Cl4 

C 19 

(738 

Cei 

Cso 

Csr 

Ref.[12j 

-4.3 

- 2.8 

1.2 

1.9 

1.9 

7.6 

01d[18] 

-0.83t°;)2 

-0.481^3 

0 41 

0 00 — 0.22 

Z.OO_|_o 26 

n 07 — 0-04 
U.O /+0 03 

7 c:7+0-37 

/•O<_0.60 

New 

-0.87t°it 

r\ Qy+0.09 
U.Z/ 0.i3 

0 47-0 04 

^•^^+ 0.22 

-L-Ul^O.04 

4 7Q+0-29 
'^-0.46 


TABLE XIV: The obtained values for the p® order LECs from resonance Lagrangian given by Ref. [I^ and our work The 
coefficients in the table are in units of 10 ~'*/Eo . 



Crs 

Cs2 

Cs7 

Css 

Cs9 

Cgo 

Lowest Meson Dominance 

1.09 

-0.36 

0.40 

-0.52 

1.97 

0.0 

Resonance Lagrangian I 

1.09 

-0.29 

0.47 

-0.16 

2.29 

0.33 

Resonance Lagrangian II 

1.49 

-0.39 

0.65 

-0.14 

3.22 

0.51 

01 d[l^ 

1.326^^20 

n ccQA—0.024 

U.5o9^0.039 

n C 70 + 0.028 

U.O/O_0.045 

—0 41 4-0 055 
'^•^-*-4+0.078 

2 (7on+0.122 

Z.UOU_o.i98 

n 1 Cc:-0-029 
U.iOJ+0.035 

New 

0.6687®:°®° 

—n 247“*^-^^® 

U.O^I +0.029 

n Qf:Q+0.022 

U.OUO o.o35 

n 1 OQ —0.052 
U.lZO+0.070 

1 qn7+0.084 
l.oU/0.i34 

n 175-0033 
U.i /D+0.041 


TABLE XV: The LECs come from sum rules in [Tj. They are in units of 10 ®GeV 



C12 + Cei -|- (Cso 

C12 — Cei + Cso 

Cei 

C12 ± Cso 

in £) if [14] 
ih[]T| 
01 d[l^ 

New 

2.48 ±0.19 

2.48 ±0.18 

3 41 

a.uy,o,25 

-0.55 ±0.21 

-0.46 ±0.19 

—2 45 + 0.20 
z,.ou_o.24 

1 7t^+0.16 

I* 1 J o.l9 

1.51 ±0.19 

1.47 ±0.17 

9 SR— 0-22 

Z.OO+0.26 

z.q:Z+o .22 

0.97 ±0.11 

1.01 ± 0.10 

n t:o- 0.02 

U.tJO_|_Q Q 2 

0 fi7“0.03 

"•0+0.03 


VI. SUMMARY 


In this research, we updated our original LECs to the (7(p®) order, including two and three flavours, and 
anomalous ones. The new contributions come from n = 2 in m and n = 1 in (U]). This is one small step 


normal and 
beyond the 
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TABLE XVI: The obtained values for the p® order LECs Cg^. They are in units of 10 


New 

01 d[l^ 

Ref.[^ 

Ref.[^ Ref. [22 

/^r Q ^q+0.22 

087 ^-^^-0.35 

c 70 + 0.28 
' '^-0.45 

3.1 ± 1.1 

4.3 ±0.4 3.70 ±0.14 


TABLE XVII: Some LECs from different references. 



10®(2C6"3 - CJs) 

lO+Js 

105(^8 - CEo) 

(C'i 4 ±Ci 5 ) 10 ®GeV 2 

(Cis ±2C’i7)10°GeV2 

Old [18] 

New 

1.8±0.7[^ 

D.OD^_o 67 
r Qq-0-45 

o.oa+o.s3 

2±6[^ 

8±5[^ 

3.08;°:“ 

q ^ 7 — 0.34 
' +0.17 

-4.6±0.4[^ 

-4.5±0.5[^ 

_c; nn-0.27 
O.y»+0.43 

— 3 04“°'^® 

0.37±0.08[]J 

-0.83l°:[= 

-0.871°:!^ 

1.29±0.16[1^ 

u.ua_Q Q2 

Q oir+0.03 

U.OU Q Qg 


TABLE XVIII: The obtained values for the p® order LECs from our work The coefficients in the table are in units of 10 ^GeV 



C 20 

- 3 C 21 

C32 

iCss 

C 24 

6(728 

3(730 

01 d[l 8 | 

New 

n 1 q~o. 03 
U.io+0,04 

0 17-002 

^•-*-'+0.03 

n 1 Q—0.03 
U.i»+0,03 

n 17 - 0.02 
^•-*-'+0.03 

A 1 Q — 0.03 
U.io_,_0.04 

0 1 7 - 0.02 
'^•-*-'+0.03 

0.028;°:“° 

U.UZi^ 0.02 

1.621^7 

0.87l°:°4 

1 QA + 0.06 

-L-oU_o 06 

1 1Q+0.03 

-L-J-U o.o5 

i.oU_0 09 

1 lA+O.OS 
J--J-U 0.05 


GND model. As a check, the 0(p^)-order absolute values have decreased, and are closer to others, so our updates are 
plausible. Up to the 0{p^) order, the absolute values of the LECs exhibited varying changes or remained unchanged. 
We also compared these LECs with others. Most of them are much closer than the old values, but some combinations 
of LECs fare badly. The combinations found in references are directly from phenomenological data, and they can be 
more precise. However, we have obtained LECs separately. On the whole, the new LECs values are better than old 
ones; one possible reason for the differences is propagation of errors. In this method, more precise results needs a 
more detailed analysis of which remains as work for the future. 
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I vS y^/3 ^^4 I ^ y ^6 v'/4-v^4 y^8v'//2v'4 ^ y^4 ^ y^ 6 y^/ 2 -v^5 y^7 y^/ 3 v'S 

+ ^EfcE,X +^E,E,.X -_E,E,. X - -—E^E^X 

1639 g ,4 5 5 IQ „2 5 5 g g 5 g ,2 g 85 g ,3 g 245 iq ,4 g 

-yyE,E,X +yE, E, X +^E,X +-E,E,X + yE,E, X +_E, E,X 

6yx10y^/2-v^7 ^6 ^i1y^/3 v7 16 yx12v'/4 v7 

— 2-ik Zj^ a — ——Zj^ Zj^ a — -—Zj^ Zjj^ A , 

9 9 


+ 


24 


.E8x7--z., z.,,. 


24 











































^^56 — 


f d^k r 1 ,Q 1 

J (27r)4[_12 ^ 192' 




XK 57 = 


(27r)4 

h^s3E',2x3 + + - 

hySlS'fc^^S ^ ^ 5 . 7^6 _ As9s'2^6 ^ 

f d^k _ 

1 ^ 

253 


■'2 ^v' v'^ 2 v '2 ^v'2v'^3v'2 1 ^ vn 1 ^v '2 v'^ ' 

3 I v'S \^4 yiS \^/2 \^4 ^ v '6 \^4 yS "v^5 

+ - —S,S,X --S,E,X -yS,X 


fc fe 12 

^ V* V I ^ \^/2 \^2 I ^ v' \^- 

' -Zj^ZjL. ^ “r -Zji.-A. — —Zjt.Zjf, ^ — -ZjL.^ “t” -Zjt.Zji,v\ 

640 48 g fe fe 320 iRn 

23 o 


A_ V "2 

7 2 jfc ■ 


160' 


' v^2 ^/4 \a 2 I ^//2 \^2 \^3 v' V 

■Zji,Zjju-A “t ~~r~ 2-1 u 2-1 h. ^ — TTTTrTT-^ — , ^ ^ ZjI- 2-ih,y^ 

k k 64 1920 480 


J (277)4 

^ \4 yi/3 ■v "2 ^ V'3 v'/// ■y '2 

^ ^ “l 8 ■ “ 

+ 11Ae4e'4x 3 - —Elsf ^3 + — 

960 ^ 48 96 1920 

67^4 v5 + 

8 3 


- -^tx^ 


inon k 220 '= 


AilTss = 


XK^g — 


384 960 ^ 

7237^g^^^_^^ 23 -^5 I 73^0 _^Q ^s■^/ 2 -v ^6 v'9'^^3 -v^g 

yyE,S,X -yE, S, X +yE,X -_E,E,X - ^E, 

^E^X^ + MEiOE'fc^x" + yE^Ejfx" + yE^^S'^x" 

|e,e(2x2 + AsfeX^ + ^e|e'2x3 + Ie^x^ - ^e|e'2x4 - Ae|x^ 


_ you ^o 

28361 ^5^,3^4 11425 4 y 4 ^ 161 ^g^„._ 

■ 480 144 ^ ^ 48 ^ " 96' 

^8 ■^/ 2 -v ^6 '3^-^v'9'^/3 . . 

■ ——Zji,ZjK yv -Zjt.Zji, yv - 2-^1^ 

^r, k k ^ k k 18 


'-“k^ 

d^k 


(277)4 

As 

d^k 


v'9v'73 \^6 
~^^k^k ^ ~ 


^6 

—iT-^fe ^k^ 


- f EjSfA'« 


134 7 ,n r 25 7 

_ V'V'^yS, V‘ " 

—^k^k^ +Y 

Asf - Ie'.^X + gE^Ef X + iEfcE^fX^ + A; 

- AE3E(fX3 - ^EtE'4^3 ^ ^ Ae4e(2x4 + 

^E^X® - As^E^fX^ - ^E^E(fX'5 - ^E®E'fe4x5 

ofefc Q k k go k k 

7 


(27r)4 

--T.lY.'^X^ - A; 

4 /c fe j ^2 


255^2v'4’i^2 25 4 „2 2 

4 ' ^E^E'fc^X^ 


4 /cfc 12 '='“ 24'“'= 'gfc/c ■^ 2 '='= 

+ ^E|E'fc‘x4 - ^E^Ef X^ + ^E^X® - As^E^fx^ - ^E^E^fX'^ - ^E®E'fe4 
j 2 k k 24'='= 4 '= 2 '='= 6 ^ 36 ^ 

+ yEiOEf X^ - Ie®X 6 + 35E8e'2x 6 + iAs^E^fX^ + ^E^OE'^X® + Je^X" 
-14E10e',2x" - yE“E(fx" - y E^^E'^X^l, 

o o 


XKeo = 


' d^k 


V "2 

144 


v-i v-i/3j^ 2 _j_ 


> _ _ ,Q 

- EfeEl^ 

120 '= 

+Ae2e;2x3 


■ —EfcE'/'X + Ae'4x + Ae^E^X + 
240 54 '= 36 


Ae'^^x^ 


40 


Ae^e'/x^ 

60 

Ae^E'/'X^ + As2e'4x 2 - —EtEf X^ + —x^ + AsfcEiX^ 

,40 fc fe 27 144 ^ 240 60 

^Q7 ^g „2 ^3 17 2 ^4 I ^37 4 ,2 y4 
— E,E, X - —E,X +_E,E,X 


AXgi = 


3 

+E|X' 
d^k 


240 Z/ 144 

—i^li^cy^- - A-E^E^X^ - —EtEi^X^ + —ElEfzs.--2.1Z1 - 4 

48 fe fc 120 54 ^ 72 '= ^ 240 

V'S \^4 I v'G \^/4 \^4 ^^^4^5 ^6 \^/2 -^5 y? 

- 2-iu2-iu -A “T - ^k'^k — — ^k^k ' — ^k'^ — - ^k^k — - ^k^k 

45 9 6 6 3 9 

^E®E'4x 5 + AiOEf X^ - yE| x 6 + yE^EJ^X^ + 34E|E',3 x6 + ^YfT,'^X^ 

*49 ^a 1 


-^E®E'4x5 + iEi' 

AE“E;fx^ - y ei^e'^x^ 


:|X7 - 8 E 10 E' 2 ^ -yz., 

^7^2v'7/2\a 1 \^/2 \^2 I 

yEfcEfe X - —EfcX +■ 


(277)4 

37 


AEf + —EfcE'/'X + —Ei^X - 
48 240 ^ 216 


^ \7 y*// y 2 

' 60 ^ ^ 

V' V'^3 \^2 ^ '^2'^/4 \^2 i ^^^y4'^//2y2 i ^ yS i ^ v' V'^ 

- 2-i]c2-iu A — - 2-/1.2-IU A — - 2-iu2-iu A H- 2-ii.2-iu A H-A H-Zjt>Zji,A 

120 ^ 240 ^ ^ 216 ^ ^ 144 ^ ^ 80 20 ^ 

4643 Q /Q Q 7399 a m ^ 31 r //9 ‘^ 21-4 6037 a ,9 a 

V'O v'^4 V'4 I v'4v'^4 v’4 \^o \^f/2 ‘v^o v'^ v'4v'^-^ V'^ 

-——“ Zj L. Zj 1 , A “T ^ ^ ^ 2-i-u2-ih. — —— 2-11.2-11. A — ■—- 2-ih.yi. — ^ ^ ^ A 

360 fc fe 216 ^ 6 ^ ^ 80 240 

- IeIx^ + ^E|E-X^ + ^ElEf X^ 


47 9 ,9 n 4643 Q /Q Q 7399 a m ^ 31 - 

I v'-^V''^\^o I v'ov'/o\a 3 I v'4v''4v'o V'O 

-r2-i To 2-1 k A i 2-iu2-ii, A i ——Zj^Zj^ A — ——2-iu 

16 fe fc 360 216 6 

_^E|E)fx4 - AAIe^E^^X^ + —E^Ef X4 - A 
90 fc fe 216 72 3 


25 





































Ai ^62 = 


AK 63 = 

AKq 4 = 


AKqq — 

Allee = 
AKer = 


AKqs = 


- §El°Ef ^ 

108 fc fc 36 3 

41y8 ;^7 I IQ ,2 ;^7 I . 

' 12 ^'=^ + yE , E , 2 ^ +—Efc z .. 


14 „6 ^6 

■ EfcA : 3 


2^E;‘EfX’ + i^S. 


■ d^k 


1 v "2 

36 ^^= 


^^ y 8 y / 2 y 6 ^^ ySy '- 

164 ^ 12^/4 y-J 

~^^k ^k ^ ) 

iE ; 2^2 ^ 1 s , s ', 3 x 2 

8665^6^,4^4 "^119 
216 72 




'12 

A + ^ E^Ef A + ■ 

216 '' 72 * 

1^6^4^//2^2 47 2y^/24^3 116^3v'^8x^3 8575 4 ,4 q 16^^6y^//2^3 1\ 

-yE,E, A --E,E,A -_E,S,A -^E,E,A + _S,E, A --5 

I 651^4^,2-^4 I 1^^ vS ■^/3 \^4 I 8665 ^6 y^/ 4-v^4 H^-^S y^// 2-v^4 i ^ v'4 \^5 85^6'^/2\r5 

h—E,E,A +_S,E,X +^S,E,A - _E,E, A +-E,A - y E,E, A 

— E^A® + 30E^E;2x® + — E|Ef A® 
6 


^^ y 2 y /4 y 2 

^■ E ^ A " 


+ ■ 


^ ESE ' fe ^ X ® + - Ei^Ef A ® - - 

IHQ ^ ^ 3 g ^ ^ g 

68yl2y/4 y7 
TT^fe ^k ^ 


6 


841 ^7^/3 y5 5383 ^6^,4 _ 

■ Q^k k 108 ^k fe ^ 36 

888 ^40^,4 6 I 11"v^8 y7 84 4q ,2 7 l^ylly/3 477 68 

6 y4 y/3 y 3 18 y 5 y/2 y4 

-y^fe^fcA +7^fc 


d^/fc 


^ S',®A + 


^ ^(2 y'/S y 2 I ^ yS y /2 y 3 


^ V 6 y /3 y 4 


T - 7 T - St — I - 

(27r)4 [ 8 ^ 2 

^ I y/2 y5 

— Zj^-A -|- Zj^Zj^ vY , 

V'/4 \z I ^ v'2 v'//2 V I ^y y/3 y2 i A^^y2y/4y2 .^^V'4y//2y2 

144^^^+48^^^^ 

^ y 2 y /2 ^3 y 3 y /3 y 3 y 4 y /4 y 3 i y 6 y //2 y 3 i y 4 y /2 y 4 i y 5 y /3 y 4 

^ k k ^ k k 144^/^ 12^^ ^ k k 24^^ 

’ y 6 y /4 y 4 _ Z _ V ® _ l _ ^ y 6 y /2 y 5 y 7 y /3 y 5 yS y /4 y 5 

• Z^u 2-1 u A. — Zj i, Zj L. A ~r — Z-ii, A — - 2-ii.2-iu A — - 2-ii.2-iu A — -Zj i, Zj i. A 

/c/c 16^^ 8^ 4^/0 12^^ 24^^ 

' y 8 y / 2 y 6 | ^^ y 9 y / 3 y 6 | ^^ yl 0 y / 4 y 6 | ^ y 8 y 7 

'^k^k ' 


d^k 


^ v '//2 v '/^ 

'96^^ 144^^' 


97 

I -^ • '-' yt)y/4 y4 ’ y8y//2y4 i y4 y3 * vSy/2 y5 

' - TTT ^ k ^ k -^ — TT ^^ k^k “r — ~~ r ^ k ^ k -^ 

16 16 8 ^ k k 

^ yl 0 y // 2 y 5 ^ y 6 y 6 i y 8 y /2 y 6 i y 9 y /3 y 6 i ^^y 10 y /4 y 6 i ^ y 8 y ' 

- — 2-iu 2-iu A — —2-iuyi. i- —Zj^Zjjl A i- —2-iu2-iu A i- ~^h A -\- —2-iuY^ 

^ k k g/C 2^^ ^ k k g/c/c gfc 

^ 1 e ; 3 A + ^ S ' fcA ^ - ^ EfcE ' fc ^ X ^ + ^ E ^ E ^ X ^ - 

_ (^4 _ ^ y 5 y 5 

48 - fc - o fe 


( 277)4 


-E^,E;fA® — 

3 12 

+ ^ElE;fA® 

d'^k 


12' 482 

6 Y^4 v^/3 \^3 I 1 ^ v'8v'^2\^4i 1y^6v'73v4 

-— Zj 1. Zj A -f- —— Zj ju A — —— Zji^ZjjuA -h—ZjL.ZjjuA — — 2-iu. 

k k ^gfc gfcfc g/.fc g/C 


12 fc /c 


(277)4 


^ y/2 y y2y/^ 

- Z-ih. A — - 2-ih.2-ii, 

16 /c 16 ^ ^ 


3 ^ 2 ^/ 2 y 2 ^ v 2\-3 

^ k . — ~ r ^^ k '^ 


^ y4 y/2 y3 

- g ^ fc ^ fc ^ : 


^" E'Ef A + 




^■EfeE"X2 


45 


^ ^ V' y/3 y2 

-^SfeEA 

81 -^2 y/2 y3 I 8 
--E,E,X +-Z., 

I^y5y/3y4 18 

-— E , E,X -- 


/ 7 —Ti [—- —^ k^kX + — e ; 4 x - —1 
J ( 277)4 [72 k 180 ^ 27 18 

^ y3 x^f/f \r2 ^^y2 y/4 y 2 I ^ y4 y//2 y 2 ■ ^ y 3 i ^ V* V'^ V'^ 

-E?E(fX® + —EtE',4x® - —E?Ef X® - —E?X4 + —EtEi2x4 

^ k k 27 ^ 36 30 20 ^ 

"1 ^^8 V'/4 y 5 
■ n ^ k^k ! 


C'/c"a4 + , 


4 ^'^v6v'’ 

'^ k^k ^'- ' 3 


■ d'^k 


1 y //2 

36 


1 y6 y/2 y5 i 8 y 7 y/3 y 5 i "1 y8 y/4 

gE /^ E^^X +-EfcEfeX +- EfcE , 
Xs , s"'A + As ; 4 ^ _ iE^Ef X + ^ E ) 2 X 2 
^®-^ E ' 4 x 2 + ^ E^Ef X ^ + X 


^SfcSA 


■ X ® 


y y/3 y2 I ^ y3 y/// y 2 y2 y/4 

-— EfeE,X +_ EfcE,X -- EfcEfc .. ,-c 

I '^^ y2y/2 y3 i y3 y/3 y3 i y4 y/4 y3 ^ y6y//2 y3 i ^ y2 y4 

h - s . s.x + — S . S.X +- S , S,X X +^ S,X 


^■EfeE'A® 


60 

10 

’ lo 


168 ^ 4^,2 y 4 
~ 77r ^ k^k ^ 


26 




























\:^5 \^4 \:^6 y^/4 \r4 i v5 , ^7 f^f3 x^5 i 

'———Z^uZju ^ — ——ZjkZj^ yV — —Zjuy\ -f- —Zj^Zj^ ^ -f- -—Zji^Zju ^ ~r “"Zji.Zj^ ^ 

^gQfcfc gfcfe gfefe gA,fc gA,fc 


Appendix B: The AKf^ coefficients 


AAf = 


AAo^ = 


AK^ 


Akf' 


Ak^ 


Ak^ 


AkY 

Ak'k 


d'^k 

WL 

d^k 

(277)4 

d^k 


(277)4 1 ^ 8 

d4fc 


- 


- 


- -E?a4 




(277)4 

d*k 

(277)4 1^32 

d'^k 


- -E?a4 




(277)4 

d4fc 

W 

d^k 


4SfeA4 

32 


-EfcA^ + — 

64 64 

- - ^EfcE'^A^ + ^A3 + lEfcS'.A^ + 


E?A4 


Y^2 ^4 I ^4 ^/2 ^4 y^/3 x^ 4 ^ ^^4 ^5 i 

-^E,A --E,E,A +-E,S,A 


192 
3. 


*^V' 6\^6 'v'9v^3y'6 V'8y''^_lv10v^2y'7| 

— — —Zj^Zj^ v\ — —Zj^yv “h ^h ^k " 3 *^^ ^k 


Ak^ 


f d^k 

11 


^ x^2 1 ^ \^/3 \^2 ^ -y^3 ^ ■s^ 2-^/2 y3 qV'3v^3\^3 

— 2 .J.A +- 2 .fcAfcA “ 


_L V^4 y^/2 x^ 4 I v^5 ^73 \^4 

13 

'12 

f d^k 
17 


AAi^ 


45„k„,,„^ 3 4 5 29 g ,2 v5 23 7 ,3 5 

-Zj^^ — -^^Zj^Zj^ yV — -^Zj^Zj^ v\ 


E®A^ + ^E^E^^A^ + ^E|E;fA 6 + Ie^A" - ^Ef E;fA" - e44e'3a" 


— + —EfeE(f A^ - —A^ - lEfcEtA^ + iE^Ei^A^ + -E^Et^A^ 

96/0 T 24 fe /o ^g 2 3 ^ ^ k k -r g fe fc 


+ —e|a4 - 
192 


635^4 ,2 „4 


96 


V'4 v '^2 v'4 
^k^k^ ~ 


24 


V'^V'^3x^ 4 v'G ^^2 -v^5 

■Zj^Zj^yV — “T —T— 2-ij^Zjj^ ^ 


Y'T 

Zjt.Zji, yV 


12 

\^6 yS v'/2 -y^6 v'Q y/S \^6 ^ _i_ c;V'10v'^2 -y^7 i yll \^7 

-Zj ^ yV — -yV — - Z-i^Zjj^ yV — — 4-/ - A “h O Zj ^ fc - ^k ^k 






d^k 
7 


^ V'^2-^^2 I ^ V' v'^3 v'2 v'S ^ V' V'^ V'3 ^^v'2v'^2v'3 ^v'3v'^3v' 

-E,A +-EfcE,A - —A --EfcE.A -^E,E,A --E,E,A 


'3 ^^3 ^3 


— '—^Ix* 

192 


\^f2 x^4 I ^Y^Sv^Svt I vt _L \^5 ^3 ^7 y^/3 - 4^5 

-E,E,A +-E,E,A +^E,A +-E,E, A --E,E, A 

11 v'/3 v7 


—^Ix^ + l^l^kX^ + - l^l^k^x 

24/0 6 '“'" 12 '' 2 ''*= ^ k k 


AAi^ 


d4fc 


(277)4 24 


- Ie'^A^ - ^EfcE'^A^ + 1 a3 + Ie.E'A 3 + ^E^E'fc^A^ + 


--E2a4 

24 


7 95„^„,q,,^ 41^g ,2„5 


16 


v'4v'^2v'4 V'3 v'^3 v'4 v' 6 v'^ 2 -v 

ZjnZjKyV — -Zji.ZjKyV — -Zjj.ZjKy\. 

fe fc 24 24 


47 

12 


E^Ejf A'^ - -E®A® 


(Al) 


27 






































= 


akYa = 


_L V'^ _L 

1 


■ d*k 

W 

■ d^k 




8 '' 

-E'^X^ + -EfcS'^X^ - ^X3 ^ 

96 3 192 


12 

+ ^E|X^ + ^E^S'fe^X^ + SS^E'fe^X^ + ^ 
192 fc 96 24 


^ V^ V3 ^2 v'/2 y3 QV^V^^x^S 

19'''= 48'='= '='= 


Ai^iT = 


13„4„5 I 13xx6v'2x^ 5 13v7'sn'3x^5 

-E,A +_L,E,A -_L,E,A 

+ Ie^E'^x^ + i; 

d'^k 


AkZ = 


' (27r)4 [96 

-Ae^x^ - A 

48 fe 


^E^E'^X^ + iE«X^ - E[ 0 E', 2 X^ - ^E^E'fc^x" 


^ yi I vi2 v'/2 -y^3 _Z_v3v^3 V'S 

— +—Zj^^A^A — —Z^;,A^A 

^ ^4x^/2 y'4 I 125 ^/3 y'4 1^ ^4 y' 5 yiG vi/2 y' 5 1^^ yi? v'/3 v'S 

^E^x^ + AeSe^^x^ + ^e|e;3x6 + Ie^X" - Ie^oeI^x^ - 

^ z o z ^ z 

^ 7^^ [ - —Sfc - Ae^E'^^X^ + —x3 + Ae^EIX^ + Ae^E'^X^ + -E?] 

l^E^x^ — AZe^E'^X"^ — Ae^"” 

k 96 ^ ^ ® ^ 


^;fX^ - E[,iEf X^ 


aA4 


. - , - r - > - A - 5 x 5 y/3 t^ 4 y4 y5 , y 6 y /2 ^5 , V^ V'3 y5 

--E,E,X -Y^SfcX +-EfcE,X + —E.EfcX 

+Ae^x^ - Ae8e;2x 6 - AEiEjfxe - |e8x^ + 4e[0e;2x7 + |e“e[3x^] , 

3Z O o O O 

f \ 1 ^12 v2 ^/3v2 , 1 v3 , !■( 

J -^SfeE.X +y^A +-. 

-Ie^X^ - Ae4e;2x 4 - ^ElEl^X^ + ^E^El^X^ + ^E^E'^^X^ + ^E^xe 

-ISE^E'fe^X® - Ae^E^^X® - -1 
3 6 


^ V v3 ^ v^2 v^/2 -^3 I \^3 


aA4 


akY 


"’ "■ 24 "' "■ 12 "' 4 

7 14 ’ 

vS ^^7 _|_ 7Y'10 v''2 v7 i v'llv'^3 y"? 

— ZjiuxV “T < ■Z-'/- Z- 1 ^ A “T ^k ^k "'4- 5 

6 3 J 

1 v'/2-\x2 I ^ SA v'/3 \^2 15 -y .3 5 ^ ^2 l^v'2v'/2v'3 ov'3v'/3v'3 

TZ —TT TZZ^h A -r“Zj^Zjt.xV — -—— t^Zj^ZjjuxV — —— 2-ih.2-ih. xV — OZjJaZju ^ 

(27r)4[l2 '' 3 '' 96 12 '' 24 '''' 

1 ^12 y' 4 I 1'^ vi4vi /2 y'4 I \^4 1 ^4 x^S 1 v'^ v'S 

-E,X +-EfcEfcX +5E,EfcX + ^^E^X +E,EfcX --E,E,X 

^ \^6 I 1 yiS y' 7 Y'lOv^Z y'7 ^\^11y'^3v7 

— ZjjuZj^ yV “T —Z-it-A — Z-iiu Zj^ yV — —Zj^ Zjiu yV , 

3 6 5 J 

Ze;2x 2 - iEfcE'fc^X^ + Ax^ + Ae^e'^^x^ + 3E3e'-^x3 - A; 


d^k 


2 3 

r d'^k 


.96 


AfcX^ 

^ 04 lU 64 

Ae|ei3x4 - Ie^x^ + Ae6e',2x5 + A 

V® \^6 


' (277)4 

^v4v'2 y4_ A 
96 ^'= '= 3 


ak'^ 


akY 


■ d'^k 


2-eIe',3x5 + Ie6x6 
14E|e;3x® - E^X^ + 6 E^°E'fc 2 x^ + 4E[A 

Ae^^X^ + —T.kT^kX'^ 

24 '' 12 '' 




.2 ^ y 3 ^ v v3 ^y^2\^/2-v^3 ^v'3v73\^3 

't> A — ——A — —■ZjfcZjt.A — —■Zjt.Zj^A — —■Zjt.ZjjLA 
fc 24 6 '' gfefe gfcfc 

^E^X^ + ^E^E'fc^X^ + Ae5e[3x 4 + ^ElX® - A 
8 4 fefc 12 '='' 4 '' 12 

1 


1 ^*4 V^Z 5y,7y-,/3Y-5 

■ —Zj^yV — y^Zj^Zj^ yV — —Zj^Zj^ Jv 

- ^EfcEfx^ + Ae2e',2x 3 + SE^El^X^ + Ae^X^ - A 
-Ie^X^ + AeIe'^^X^ + yElE'fc^X^ + Ie^X® - yElE'fc^X® - ME^E'^X^ 
-E^X^ + 6SYS[^X^ + 4E[4E)fx^'' 


d'^k 


v'4 v'/2 -^4 v'S v'/3 \^4 

~Zj^Zj;. ^- T^k^k-^ 

o 4 


28 






























= 


/\kZ = 


d^k 


i2ny 


^ \r2 I ^ ^ ^/3 x^2 ^2 ^/2 \^3 ^ v'3 v'^3 \^3 ^ v'2 \^4 

-—Zju -A. -\- -— — 777^ - 1 ^k“^k — ~r7^k-^ 

16 /c 16 fe 32 4 fe fc 16 fc 


E?,S13a4 


16 


21 . 


^4 vn /2 v'4 


^k^k 


^ ^4 y5 ^ ^6 v'/2 y5 ^ v'T v'S 

-—IjuA. — -— ZjuZju a. — —ZjuZju A 

16 ^ 16 ^ ^ o fc 


d^k 

(27r)4 

73^ 

'-‘k^k 


V' y '2 
— g^/c^A; ^ ■ 

37. 


16A.fc 2'='= 16 ^ k k ^ k 


11 


35. 


1 


_!_I1V'6v'^2 y'S I * v>7 v>/3 ‘V'S I _ y^6 v'G _ -w-Q 'tv^Qv^/S v'6 v'^ 

~——ZjkZju a “T ““ZjjuZjiu A “T ~~2-ii^A — v\ — ( ZjkZjk A — —ZjuA 


16 


+3EI°E';2A^ + 2E}.iEi3A^ 
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